Abstract While travel cost in urban areas is generally best modeled using network distances, continuous distance measures are mostly used for location problems in rural environments. Combining both is not only interesting from a modeling perspective, but has also computational advantages since it combines reduced storage requirements for the network data with a high accuracy of the approximated distances. In this paper, Weber problems with combined distance measures are discussed. If continuous distances are measured using block norm distances, the resulting Weber problems can be represented by bilinear programming formulations. Theoretical properties of this model are discussed, and two possible solution strategies are suggested.
Introduction
The need for realistic representations of distance measures in location problems is reflected in the recent literature. Continuous models have been extended by various types of restrictions and constraints in order to better incorporate the geographic reality into the geometric representation. Location problems with forbidden regions have been extensively studied and can be considered relatively well-solved (for an overview, see Hamacher and Nickel [lo] ). On the other hand, problems involving physical barriers or congestions still give rise to many open questions that are caused by the non-convexity of the objective function (see Klamroth [13] for a detailed survey on location problems with barriers).
If on the other hand a road or transportation network serves as the basis for a (network or discrete) location model, a balance between the size of the network (and the resulting computational complexity) and the accuracy of the model has to be found (see, for example Drezner and Hamacher 161). Moreover, the topology of the underlying network has a profound impact on the optimal facility locations. Changing this network may turn out to be more cost-effective than adding more facilities to improve some kind of service.
Very little has been done to include continuities and/or additional modeling parameters in network location models. Batta and Palekar [2] extended a network location model by adding so-called mega nodes which can be entered and left only at a finite set of access points. Erkut [B] added a finite candidate set for new locations outside a given transportation network. Travel distances are measured partly on the network, but -in order to model continuous propagations, for example, of polluted air from an industrial plant -continuous metrics are used in addition to the network metric in the objective function. Blanquero [4] further extended this model by defining a convex feasible region for new locations replacing the finite candidate set. A continuous location problem based on the superposition of a (polyhedral) gauge distance function and a finite set of so-called rapid transit lines modeling, for example, a high-speed transportation network, is suggested in Carrizosa and RodriguezChia [5] .
In this paper, bilinear programming formulations are derived that can be viewed as a unifying umbrella under which continuous location models and network location models can be described. We focus on the case that (continuous) distances in R2 are measured by a block norm and exploit the piecewise linear structure of the resulting distance measures. The implications resulting in the general case of arbitrary norm distances are discussed in Pfeiffer and Klamroth [15] .
Weber Problems with Mixed Distances
Given a finite set of existing facilities A = { a i l . . . ,an} c R2 with positive weights wl, . . . , Wn E R, the classical, continuous Weber problem is to find one new facility x = (xi, ~2 )~ 6 R2 such that the weighted sum of distances between x and the existing facilities at a i l . . . , an is minimized:
We replace the distance function d in this classical model by a combination of continuous and network distances by allowing switches between continuous and network travel at a finite set I := {il,. . . , ik} C R2, ir = (in, ir2Y E K2, r = 1 , . . . , A , of transit points The feasible region for new location X R2, X # 0, is a closed set and we will assume that X is given by a bounded polyhedron. The constants o.rm e R, r = 1 . . . , k, m = 1 , . . . , n, describe, for example, the fixed network or barrier distance from transit point ir to existing facility am. In the case of networks the transit points ir are chosen from the joint set of the vertices of the network and the existing facilities. In the case of location problems with barriers traveling and locating the new facility is prohibited in the interior of a set of given barrier regions as, for example, lakes, mountain ranges, military zones or national parks. If the barriers are polyhedral, then the Barrier Touching Property holds: This states that there always exists a d-shortest path between two given points in the feasible region which is a piecewise linear path with breaking points only in extreme points of barriers. Therefore the plane can be decomposed into cells, where for each cell the set of extreme points, that are d-visible from the cell (i.e., the distance to these points is not lengthened by the barriers) is constant. From this set of d-visible points the transit points ir in the barrier problem have to be chosen. So for a point x located in a known cell the distance between x and an existing facility am decomposes into a continuous part describing the distance between x and a d-visible extreme point zr plus the distance between this extreme point zr and the existing facility am. The latter one equals the fixed distance armHence, the Weber problem with mixed distances (2.2) includes as special cases, for example, Weber problems with polyhedral barriers (see Klamrot h 1121) and Weber problems with embedded networks (see Carrizosa and Rodriguez-Chia 151). Therefore, it can be viewed as a unified model that combines features from continuous and network location models.
The focus of this paper is on the case that continuous distances are measured by a block norm 11 -11s whose unit ball S is a polytope with extreme points ug = (ugl, ug2)T E R2, g = 1, . . . , s. The class of block norms is a very general one and comprises for example the li-norm an the 1-oo-norm (see Figure I ) , which is a hybrid version of the rectilinear norm an the Tchebycheff norm. The Manhattan norm is a very common norm to describe street distances in cities and the weighted 1-oo-norm is very useful to characterize distances in actual road networks (see Ward and Wendell 1181). Following the definition of Ward and Wendell [19] , the block norm 11 -is given by
This characterization of block norms is one of their great advantages since this is a linear description which yields a tractable version of the objective function of the Weber problem with mixed distances (2.2). The corresponding block norm distances can be computed as Using (2.4) in (2.2) leads to the following bilinear programming formulation for the problem:
Note that problem (2.5) is a mixed integer programming problem with a bilinear objective function.
Properties of the Model
The main difficulty of the Weber problem with mixed distances (2.2) is the non-convexity of the objective function. To overcome this difficulty, this section is devoted to the derivation of general properties of the unified model (2.2) that facilitate the development of solution methods for both problems. [lo] and Nickel [14] . This relation will be used in the following sections to transfer properties of problem (2.1) to problem (2.2).
Convex hull properties
Particularly if general solution methods are applied to problem (2.5), a reduction of the set of optimal locations to a smaller subset of R2 can significantly improve the computational efficiency. Proof. According to Theorem 3.1, the solution of problem (2.5) can be reduced to the solution of a finite number of Weber problems (2.1) with the feasible set X and with existing facilities that form different subsets of the set 1. Since the desired property holds for all of these subproblems (see Juel and Love [ll] ; Wendell and Hurter [20] ), the result follows.
0
Using the fundamental directions v h . . . , us of the given block norm, it is also possible to characterize the complete set of optimal solutions of problem (2.5). The following theorem states a corresponding result for a frequently applied block norm, the li-distance function, where the description of the bounding set is particularly simple: Theorem 3.3 Let conv(Z) C X and let d = ll. Then every optimal solution of problem (2.5) is contained in the rectangular hull of the set T, i.e. in the smallest rectangle with sides parallel to the coordinate axes containing all facilities in the set T .
Proof. Analogous to Theorem 3.2.
Integrality of the solution
Besides the non-convexity of the objective function, a further difficulty of problem (2.2) is imposed by the integrality constraints on the variables yrml r = 1 , . . . , k, m = 1,. . . , n. We will show in this section that these integrality constraints yrm E {O, l} can be relaxed to O < y T m < l f o r a l l r = l ,..., A ; , m = l , . . . , n. Proof. Let x*, y* be an optimal solution of the continuous relaxation of (2.2). Suppose that y* is not integer, i.e., there exists t ? {l, . . . , n} and j, 1 E {I, . . . , such that 0 < y;t < 1, 0 < y; < 1 and y$ + y; < 1. Hence the objective value of x*, y* can be computed as The objective value of Z, ij is the same as of x*, y*, and ij has at least one additional integer component. After finitely many iterations either case 1 or an integer optimal solution is obtained.
According to Theorem 3.4, the binary constraints on y can be omitted such that (2.2) can be transformed into a bilinear programming problem. Problem (2.2) can therefore be solved by applying general methods for bilinear programming problems.
Reformulation linearization technique
As shown in Sherali and Adams [17] , mixed integer bilinear programming problems can be transformed into mixed integer linear programming problems using a so-called reformulation linearization technique (RLT). In this section the application of the RLT to problem (2,5) will be discussed, implying an exact solution method for (2.5).
A central assumption for the applicability of the RLT is that the continuous variables are constrained to a feasible set which is given by a bounded polyhedron. According to the convex hull results in Section 3.2, this assumption does not significantly restrict the generality of (2.5). We assumed that the feasible set for the new location X is given by a bounded polyhedron. This implies that the coefficients ,Bgr can be bounded as well by a sufficiently large constant M R since they are used to represent finite distances.
In a first step, problem (2.5) has to be rewritten in standard form such that continuous and binary variables are easily distinguished. For this purpose, suppose that the constraints x â X are given by a finite set of linear inequalities, and that, wlog, X C R: . Transformation into standard form requires the introduction of a finite number I of slack variables. We define a vector u composed of all continuous variables x and , Om as and a vector y composed of the remaining binary variables
Replacing the original variables in (2.5) by the new variables u and y we obtain
where Q is a (2 + I + s -k) x (k n) -matrix containing the weights wm in the appropriate positions, and q is a vector of length (k -n) given by
The constraints (*) are the transformed constraints x X. Note that (3.1) is indeed a mixed-integer bilinear programming problem, i.e., for fixed y it reduces to a linear programming problem in u, and for fixed u it reduces to a binary linear programming problem in y.
Using the RLT, problem (3.1) can be transformed into an equivalent mixed-integer linear programming problem. Therefore slack variables are appended to the continuous vector u 2+1+2sk yielding an extended vector u
R+
. The transformation requires the definition of
Discretization results
A well-known property of the unconstrained Weber problem (2.1) with block norms is that the fundamental directions of 11 -rooted at the existing facilities am E A, the so-called construction lines, define a grid tessalation of the plane such that the set of optimal locations is a cell, a line connecting two adjacent grid points of a cell or a single grid point (see Durier and Michelot [7] ). If none of these optimal locations is feasible for the constrained Weber problem with convex forbidden regions and block norms, then Nickel [14] showed that it is sufficient to consider only the intersection points of construction lines and the boundary 9X of the feasible set X. This result is based on the fact that the objective function is convex and linear in each cell. However, if the grid is extended by construction lines rooted at all points in Z, a slightly weaker result can also be proven for the Weber problem with mixed distances (2.5) :
Theorem 3.6 Let d be a metric induced by a block norm, and let the feasible set for new location X be convex. Then there exists at least one optimal solution of (2.5) that is an intersection point of the construction line grid obtained from rooting all fundamental directions at all points in I , or a n intersection point of the construction line grid with the boundary 9X of the feasible set X .
Proof. According to Theorem 3.1, any problem of type (2.5) can be reduced to a finite number of Weber problems (2.1) with the feasible set X. Since Nickel [14] showed that for all of these subproblems at least one optimal solution with the desired property exists, the result follows. Theorem 3.6 immediately implies that problem (2.5) can be solved by enumerating the finite candidate set induced by the construction line grid and evaluating the respective objective function values. If X = R2, then the size of the candidate set can be bounded by 0 ( k 2 s 2 ) .
Example
We consider a location problem in Japan where five cities are considered as existing facilities, and their approximate number of inhabitants define the respective demands, see Table 1 . One new location according to the Weber objective has to be found. We assume that travel is possible by car and by the Shinkansen, a bullet train, which provides an alternative mode of transportation. The resulting problem can be viewed as a Weber problem with embedded networks and can therefore be represented by model (2.2).
The Shinkansen network of the example problem shown in Figure 2 consists of the lines and the main stations (marked by 0 ) of the Shinkansen train with the actual transportation time as edge lengths (solid lines). Transportation times outside the network are measured by moving along the fundamental directions of the li-metric with a speed of 80 km/h. The resulting mixed distances measure the shortest travel time according to an optimized combination of network and continuous travel.
To model the problem using formulation (2.5), an extended network is defined by adding the five existing facilities (marked by o) and appropriate edges (dotted lines) representing shortest travel times. The optimal solution xoPt is near the existing facility at Kofu and was obtained by solving problem (3.2) with XPress-MP 1.2.4., see Figure 2 . The dashed lines represent the optimal paths connecting xopt to the extended network.
A second, modified example problem with seven existing facilities is shown in Figure 3 . This second example illustrates that despite the fact that the binary constraints in the unified model (2.5) can be relaxed without changing the optimal solution value (see Theorem 3.4), this is no longer true for the linearized problem (3.2): Suppose that (3.2) is relaxed by Figure 2 .
Conclusions and Future Research
In this paper we have developed a unified model for Weber problems with distance measures that combine continuous block norm distances and network distances in a very general way. Two special generalized Weber problems arising from completely different questions, the Weber problem with polyhedral barriers assigned to the class of continuous problems and the Weber problem with embedded networks related to network location problems, are covered by this formulation. Since many practical location problems comprise continuous aspects and network features, this problem formulation opens up new possibilities for more realistic and concise model development. We derive theoretical properties of the unified model and suggest algorithmic approaches.
A challenge of this model consists in the size of the resulting MIPS. The solution methods presented in this paper are exact solution methods and therefore applicable only to relatively small problem instances. Future research should focus on heuristic approaches as, for example, iterative location-allocation heuristics (see Fleischmann [9] ), decomposition methods (see Plastria [16] ) or evolutionary algorithms (see Bischoff [3] ). Different transformations of the ideas presented in this paper to objective functions other than the Weber objective suggest themselves. One example are multi-facility location problems as discussed in the case of Weber problems with embedded networks in Carrizosa and Rodriguez-Chia [5] . Other examples include the center objective as well as ordered Weber functions and multi-criteria models.
